Abstract. Let M be a maximal subgroup of a finite group G. The order of a chief factor H=K such that H is a minimal supplement to M in G is called the normal index of M, and ðM V HÞ=K is called a c-section of M. Using the concepts of normal index and c-section, we obtain characterizations for finite groups of the solvable, p-supersolvable and supersolvable groups.
Introduction
In this paper, all groups considered are finite and G stands for a finite group. Let pðGÞ denote the set of prime divisors of jGj, and for p A pðGÞ let Syl p ðGÞ denote the set of Sylow p-subgroups of G. We write M o G to indicate that M is a maximal subgroup of G. For a fixed prime p A pðGÞ we introduce the following families of subgroups:
(1) The remaining notation and terminology in this paper are standard.
In 1959, Deskins [3] introduced the concept of the normal index. The normal index of a maximal subgroup M of G, denoted by hðG : MÞ, is the order of a chief factor H=K such that H is a minimal supplement of M in G. If H=K is such a chief factor, then G ¼ MH; K c M; and jG : Mj ¼ jH=K : ðH=KÞ V ðM=KÞj; so jH=Kj ¼ jH V M=Kj jG : Mj. The intersection ðM V HÞ=K is called a c-section of M. Li and Wang in [7] proved that every maximal subgroup M of G has a unique c-section up to isomorphism. Let SecðMÞ denote a group which is isomorphic to a c-section of M. Then hðG : MÞ ¼ jSecðMÞj Á jG : Mj.
Deskins in [3] proved that a group G is solvable if and only if hðG : MÞ ¼ jG : Mj (equivalently, jSecðMÞj ¼ 1) for each maximal subgroup M of G. Recently, there has been some interest in characterizing solvability using the concepts of normal index and c-section (see [1] , [7] , [13] , [14] , [16] ). In particular we note the following theorems: The earlier results concern the cases where p is either the largest prime dividing jGj or an odd prime. Here we are interested in the case when p is the smallest prime divisor and is even; so we study the case when p ¼ 2. This situation is very di¤erent from the previous results. For example, let G ¼ PSL 2 ð17Þ and let M A F 2 ðGÞ. Since a Sylow 2-subgroup of G is a maximal subgroup of G, M is a Sylow 2-subgroup and hðG : MÞ ¼ jGj. Thus jSecðMÞj ¼ jMj ¼ 2 4 . It follows that for every M A F 2 ðGÞ, the order of SecðMÞ is a prime power, but G is non-solvable. It is natural to ask what can be said when p ¼ 2. In this paper we answer this question and give all possibilities for the case p ¼ 2.
Lemma 2.2. Let G be a group, N a normal subgroup of G and p A pðGÞ. Let M be a maximal subgroup of G and N c M.
( 
(2) For G a sporadic simple group, define M as in Table 1 .
(3) Let G be a Lie type simple group over GFðqÞ, where q ¼ p f and p is a prime.
where H is the set of all matrices of SL n ðqÞ of the form Notation. For G 0 PSL n ðqÞ and G ¼ PSL 2 ðqÞ, let M ¼ P 1 be the largest order parabolic subgroup of G. (ii) Suppose that p > 2. Define M as in Table 2 .
Proof. First suppose that G is the alternating group A n . From [10] , M is a maximal subgroup of A n and the conjugacy class of M in G is equal to its automorphism class. In these cases, if n is even, then jG : Mj ¼ n!=ðð2 a !Þ m m!Þ is odd. Next suppose that G is a sporadic simple group for M in Table 1 , by [11] and [12] , the conjugacy class and the automorphism class of M in G are equal and jG : Mj is odd.
Finally suppose that G is a simple group of Lie type of characteristic p over GFðqÞ, where q ¼ p f . On the normal index of maximal subgroups of a finite groupSuppose that p ¼ 2. If G 0 PSL n ðqÞ or G ¼ PSL 2 ðqÞ, the conjugacy class and the automorphism class of the parabolic subgroup of G are equal except for the smallest order parabolic subgroup of D n ðqÞ, and the result is true.
Assume Next we prove the su‰ciency by induction on jGj. Let N be a minimal normal subgroup of G. By Lemma 2.2, it is easy to see that G=N satisfies the hypothesis, and so by induction G=N is solvable. Thus it su‰ces to prove that N is solvable. Suppose that N is non-solvable. Let P A Syl 2 ðGÞ. Hence it follows from Burnside's theorem that N is 2-nilpotent, which contradicts the minimality of N. Therefore N is solvable and G is solvable as desired. r Proof. It su‰ces to prove the su‰ciency. Assume that it is false and G is a minimal counter-example. Let N be a minimal normal subgroup of G. By Lemma 2.2, the hy-pothesis holds for G=N, so we may assume that G=N is solvable. To obtain a contradiction, we only need to prove that N is solvable. Suppose that N is non-solvable. 
Since fN
. . . ; N t g, for each i there exists a unique j such that M ¼ M x j n j 1 . Define n ¼ n 1 n 2 . . . n t ; then n A N. Commuting the factors of ð * Þ, we get 
Then by Lemma 2.5 and the above argument, there exists a maximal subgroup M A F 2 ðGÞ such that L c M V N is a 2-group, a contradiction. Hence q 0 9. Therefore q is a Mersenne or Fermat prime and N 1 G PSL 2 ðqÞ. This contradicts the hypothesis that G is PSL 2 ðqÞ-free. Hence N is solvable, the counterexample does not exist and the conclusion holds. r By Theorem 3.5, we obtain the following corollaries, which are dual to [7, Proof. Assume that G satisfies (a) and (b). First, by Corollary 3.11, G is psupersolvable. Let M be any maximal subgroup of G. Then either jG : Mj ¼ p or jG : Mj is a p 0 -number. If jG : Mj is a p 0 -number, then M A F p ðGÞ. By the hypothesis, jG : Mj is a prime. This shows that every maximal subgroup of G has prime index, and by a theorem of Huppert G is supersolvable.
The converse statement follows from Corollary 3.11. r
